Abstract A new accurate numerical solution is presented for aquifer storage and recovery (ASR) systems in coastal aquifers; flow is approximated as radial Dupuit interface flow. The radial velocities of points on the interface are a function of time, the vertical coordinate, and the dimensionless parameter D (the discharge of the well divided by the product of the hydraulic conductivity, the square of the aquifer thickness, and the dimensionless density difference). The recovery efficiency of an ASR system (the ratio of the recovered volume of water divided by the injected volume of water) is determined by D and by the relative lengths of the injection, storage and recovery periods. Graphs are produced for the recovery efficiency as a function of parameter D for ASR operations with and without storage periods and for multiple cycles. The presented solutions and graphs are to be used as screening tools to assess the feasibility of specific injection, storage and recovery scenarios of planned ASR systems in saltwater aquifers without having to run complicated flow and transport models. When the screening tool indicates that recovery efficiencies are acceptable, the consideration of other features such as mixing and chemistry is warranted.
Introduction
The idea of storing freshwater in a brackish or saltwater aquifer has been around for at least 60 years. Weeks (2002) reports that Cederstrom (1947) was the first within the US Geological Survey (USGS), and possibly the world, to attempt to store freshwater in a brackish aquifer in Virginia. The process of injection, storage, and recovery from an aquifer is nowadays known as "aquifer storage and recovery" under the acronym ASR. This paper considers ASR of freshwater in brackish or saltwater aquifers; for brevity the discussion is about saltwater aquifers even when the salinity is so low that it may qualify for the term brackish.
Recovery of the injected water is never 100%, even in freshwater aquifers. One reason for this is that the injected bubble may drift away from the well due to a regional hydraulic gradient. Another reason is that the quality of part of the injected water may deteriorate as it mixes with the native water (e.g., Lowry and Anderson 2006) , or due to chemical reactions between the injected water, native water, and aquifer material; the mobilization of arsenic, for example, has caused significant problems (e.g., Arthur et al. 2002) . Other factors that influence the success and sustainability of ASR systems include: the physical properties of the aquifer; the lengths of the injection, storage, and recovery periods; the pumping rates during injection and recovery; and clogging of the well screen.
When freshwater is stored in an aquifer with saltwater, a major complication is caused by the density difference between the injected and native water. The injected freshwater tends to float towards the top of the aquifer as it is lighter than the native saltwater. In an idealized homogeneous freshwater aquifer where mixing is neglected, the interface between the injected and native water remains vertical (left side of Fig. 1 ). When the native water has a higher density than the injected water, the interface will tilt (right side of Fig. 1 ). During recovery, the toe of the interface will reach the well screen before all freshwater is recovered from the aquifer. Once the toe of the interface reaches the well screen, the pump is turned off to avoid pumping both fresh and saltwater; the freshwater remaining in the aquifer is considered unrecoverable. This may result in a significant reduction of the recovery efficiency, i.e., the fraction of the volume of injected freshwater that is recovered during a cycle. During long periods of storage (and while still neglecting mixing) the injected freshwater may move entirely to the top of the aquifer where it floats as a pancake on top of the native saltwater, reducing the recovery efficiency to zero.
The body of literature on variable density flow and interface flow is large, and is not reviewed here. Extensive overviews are given in, e.g., Bear et al. (1999) and Cheng and Ouazar (2004) , while recent advances are reported in the SWIM proceedings (SWIM 2009) . A review of density effects in ASR systems is given in Ward et al. (2007) . A description of practical applications was given by, e.g., Reese (2002) , who presents an inventory of ASR systems in southern Florida. Ward et al. (2008) performed a numerical study of ASR in a layered aquifer system; one of their simulations is used for a comparison later in this paper.
The objective of this paper is to present screening tools to assess the feasibility of injection, storage and recovery scenarios for ASR systems in saltwater aquifers, without having to use a complicated flow and transport model. The approach considers radial Dupuit interface flow with density effects. When the screening tools indicate that the envisioned scenarios are feasible, it is worthwhile to consider other important factors, including mixing and chemistry.
Dupuit interface flow
Consider radial interface flow to or from a well in a homogeneous, horizontal, confined aquifer. The interface separates freshwater with density ρ f from saltwater with density ρ s . A cylindrical coordinate system is adopted with horizontal radial coordinate r and vertical coordinate z; the origin is at the bottom of the aquifer at the center of the well. The elevation of the interface as a function of r and time t is written as y(r,t) (Fig. 2) . The radial component of the specific discharge vector q r in both the freshwater and saltwater may be written in terms of the equivalent freshwater head f (e.g., Bakker 1998; Post et al. 2007 )
where k is the horizontal hydraulic conductivity of freshwater and viscosity differences are neglected. Viscosity differences only become important when the saltwater is much saltier than seawater and may be considered a brine. Aquifers with brine are poor candidates for ASR systems because of the high density contrast, and are not considered here. The Dupuit approximation is adopted: the resistance to flow in the vertical direction is neglected. The Dupuit approximation gives accurate results for many cases of interface flow (e.g., Chan Hong et al. 1989; Bakker et al. 2004) . Under the Dupuit approximation, the head in the aquifer is approximated as hydrostatic, so that the equivalent freshwater head f may be expressed in terms of the head h in the freshwater as (recall that y(r, t) is the elevation of the interface)
where v is the dimensionless density difference
Substitution of Eq. (2) for f in Eq. (1) gives
Comprehensive radial flow in the aquifer, Q r , is obtained through integration of q r over the aquifer thickness, which gives
where H is the aquifer thickness. This is the radial flow equivalent of the equations given in Bakker (1998) . Vertical velocity of the interface Consider radial flow caused by a fully penetrating well in a horizontal confined aquifer. The head and flow in the aquifer react quickly to changes in the discharge of the well, as the elastic storage coefficient of confined aquifers is generally small. The interface reacts much slower, so that it is reasonable to neglect elastic storage: the head and flow in the aquifer are approximated to react instantaneously to changes in the discharge of the well or changes in the position of the interface (reasonableness of this approximation is demonstrated in the Example section). The mass balance is replaced by a volume balance (the Boussinesq-Oberbeck approximation, e.g., Holzbecher 1998, p. 32), which is accurate when the differences in salinity are small, as is the case for freshwater and seawater. Hence, at any point in time, the comprehensive radial flow may be written as the flow caused by the well
where Q(t) is the discharge of the well as a function of time (positive for extraction).
Equations (5), (7), and (8) may be combined to eliminate the head-derivative and Q r from the equations, which gives for q r in the freshwater zone
A similar equation may be obtained for flow in the saltwater, but that is of no further use here. The vertical component of flow may be obtained through application of continuity of flow (e.g., Strack 1995; Bakker 1998) 
which gives the following integral for the vertical component of flow in the freshwater zone
Note that at the top of the aquifer (z = H), the vertical component of flow is set to zero. Substitution of Eq. (9) for q r and working out the integral gives
An expression for the vertical velocity of the interface may be written as (e.g., Bakker 1998)
where v þ r and v þ z are the radial and vertical components of the freshwater velocity at the interface, obtained from Eqs. (9) and (12) through substitution of z = H and division by the porosity n. Combination of Eqs. (9), (12), and (13) gives
Four dimensionless variables are introduced: the dimensionless radial coordinate ρ, the dimensionless vertical coordinate ζ, dimesionless time τ, and the dimensionless vertical position of the interface η (see Fig. 2 )
The dimensionless parameter D is defined as
Parameter D, which governs the flow in the ASR system, is the ratio of the discharge of the well to the aquifer properties and the dimensionless density difference. Nordbotten and Celia (2006) used a similar dimensionless grouping in their approximate similarity solution for the injection of carbon dioxide in deep saline aquifers. Ward et al. (2007) defined a dimensionless parameter which they termed the mixed convection ratio, similar to Eq. (16) but H 2 was replaced by HR b where R b is the radius of the freshwater bubble in the absence of density differences. The mixed convection ratio was used to characterize systems, but was not the result of a mathematical derivation. Here, it is shown that the recovery efficiency of the ASR system is determined by the value of D.
Writing the vertical velocity of the interface Eq. (14) in dimensionless form gives
Note that the dimensionless vertical velocity of the interface, in terms of the dimensionless radial distance ρ and dimensionless time τ, is a function of only one dimensionless parameter D Eq. (16). The equation for the vertical velocity of the interface may be further simplified by introducing the similarity variable u defined as
Writing Eq. (17) in terms of the similarity variable u gives
Equation (19) is an ordinary, non-linear differential equation for η(u), the vertical position of the interface as a function of 2 =t. This means that solutions for the same dimensionless group D, and starting from the same initial position, always result in the same curve when η is plotted against u. This is examined in more detail later.
Radial velocity of the interface
The movement of the interface may be simulated through numerical integration of Eq. (17), but a much easier solution is obtained when the dependent variable is the radial position of the interface s rather than the vertical position y (Fig. 2 ). An equation for the radial velocity of the interface is derived here; numerical integration of either the vertical or radial velocity is discussed in the next section. In dimensionless form, the dimensionless radial position of the interface σ is a function of the dimensionless vertical coordinate ζ and dimensionless time. The equation for the vertical velocity of the interface Eq. (17) may be converted into an equation for the radial velocity of the interface using the following identities (a derivation of these relationships is given at the end of the paper (see Appendix))
Substitution of these identities in Eq. (17) gives the following equation for the radial velocity
The radial velocity of the tip (z =1) and toe (z =0) of the interface may be computed explicitly from Eq. (21) as
The velocities of the tip and toe reveal some of the behavior of the interface during injection and recovery. First, recall that the slope of the interface is always positive and that D is negative for injection. The radial position of the tip of the interface is always larger than the radial position of the toe of the interface, and thus the magnitude of the first term on the right-hand side of v tip is always smaller than the equivalent term of v toe . Hence, during injection, the tilting of the interface due to density differences is mitigated by the injection of water. The reverse happens during recovery, when the tilting of the interface is enhanced because both terms on the right-hand side of v toe are negative and cause a velocity from the toe toward the well screen.
Numerical simulation of the movement of the interface
For a numerical simulation, the interface is discretized into a number of points. The movement of the interface may be simulated through numerical integration of either the vertical velocity Eq. (17) or the radial velocity Eq. (21). When integrating the vertical velocity, the boundaries of the model domain (the tip and toe of the interface) are moving radially, while all other points of the interface move in both the radial and vertical directions. Solutions may be obtained by using a moving grid, or with a fixed grid in combination with an algorithm that tracks the movement of the tip and toe of the interface (e.g., Bakker 2003) . The main advantage of integrating the radial velocity is that the boundaries of the domain are fixed to the top and bottom of the aquifer, so that a fixed grid may be used without any additional tracking algorithms; this latter approach is used here. The radial velocity of the interface Eq. (21) is written as
where
Equation (23) is the one-dimensional diffusion equation, where B is the pseudo-diffusion coefficient and A is a pseudo-source term. The interface movement is computed using an implicit finite difference scheme in combination with a predictor-corrector procedure to estimate accurate values of A and B during a time step; an explicit scheme cannot be used as it produces unstable numerical results. A fixed vertical grid is used with N evenly spaced points. At time τ, A and B are evaluated using a central difference scheme for the derivatives. The radial position of the interface at time τ + Δτ is estimated by solving Eq. (23) using a fully implicit, central in space finite difference scheme, where A and B are treated as constants. This first estimate of the location of the interface at time τ + Δτ is used as the predictor step. The parameters A and B are evaluated at the predictor step. Corrected values for A and B during the time from τ to τ + Δτ are computed as the average of the values at τ and τ + Δτ. Using the corrected values of A and B, the new radial position of the interface at τ + Δτ is computed with the same finite difference scheme. The described predictor-corrector approach results in a stable solution; the accuracy of the solution is determined by the vertical discretization and the time step. The time step is chosen as follows. The radial velocities of all points are estimated with Eq. (23) using standard central difference schemes for the spatial derivatives. Note that the variable B equals zero at the top (z =1) and bottom (z =0) of the aquifer, so the second derivative doesn't have to be computed for the first and last points. Using this estimate of the radial velocity, the time step is chosen such that the radial distance between any two adjacent points does not increase more than α percent. The accuracy of the volume balance is a function of the time step, and thus of the factor α. Accurate volume balances (an error of less than 0.1% for an entire simulation) were obtained with α=5% while discretizing the interface in 100 points. Smaller values of α gave errors in the volume balance of 0.01% and less.
The dimensionless volume V of the freshwater in the aquifer is obtained through integration. The radial position of the interface between grid points i and i+1 is written as a linear function
where D i ¼ iþ1 À i and Δz is the vertical grid spacing. The volume V i of freshwater between z i and z i + 1 is
Carrying out the integration and summing the volumes of all the sections gives for the total volume
The recovery efficiency is commonly defined as
where V inj is the injected volume of water during a cycle and V rec is the recovered volume during a cycle.
Example
As a first example, consider a 20 meter thick aquifer with a hydraulic conductivity of 10 m/d and a porosity of 0.3. The density of the native water in the aquifer is 1,025 kg/ m 3 . Freshwater is injected in the aquifer at a rate of 2,000 m 3 /day for 15 days. The dimensionless parameter is D = 20, and the dimensionless injection time is τ inj =0.625. The radius of the well is 0.2 m. The initial interface is linear and extends from the radius of the well at the bottom of the aquifer to twice the radius of the well at the top of the aquifer; the initial shape of the interface cannot be vertical as this causes infinite velocities at the tip and toe (Verruijt 1980) . After the injection period, water is recovered at the same rate until the toe of the interface reaches the well screen (there is no storage phase in this example). The position of the interface at the end of the first cycle of injection (solid line) and at the end of the first cycle of recovery (dashed line) is shown in Fig. 3 ; the recovery efficiency of the first cycle is 43%.
Since the same rates are used during injection and recovery, the recovery time only lasts 43% of 15 days. During the remainder of the 15 days of the recovery phase, the pumping rate is set to zero and the remaining freshwater floats slowly upward at the well and sideways at the tips. For the current example, the movement of the interface is small during this idle period. In fact, the dashed lines in Fig. 3 represent the interface at the end of this idle period; the small amount that the interface moved upward at the well is not noticeable in the figures. It is emphasized that it is not necessary to have an idle period, but it is common in practice. An idle period is often needed to wait for the availability of freshwater to inject. The described process is repeated ten times. The recovery efficiency increases to 70% for cycle 5 and 75% for cycle 10 (see Fig. 3 ).
The recovery efficiency will decrease when the injection period is followed by a period of storage. As an example, the injection period of 15 days is followed by a storage period of 15 days. During this period, the well is not pumped, and the interface tilts due to density differences. The results are shown in Fig. 4 , where the lines with short dashes are the positions of the interface at the ends of the storage periods. The tilting is more pronounced when the interface is steeper, and thus the storage phase has a larger effect on earlier cycles than on later cycles. When compared to the case without storage, the recovery efficiency has decreased from 43 to only 23% for the first cycle, from 70 to 57% for the fifth cycle, and from 75 to 65% for the tenth cycle.
Elastic storage was neglected in the derivation of the velocity of the interface. The reasonableness of this approximation may be evaluated by computing the time it takes for the flow of a well to approach steady state. Comprehensive steady radial flow to a well in a homogeneous aquifer is obtained from Eq. (8) when the discharge Q is constant. Comprehensive transient radial flow to a well in a homogeneous aquifer is obtained from the Theis solution as (e.g., Strack 1989, section 16) .
where S s is the specific storage of the aquifer, the well starts at t = 0, and there is no flow initially. Transient flow reaches 95% of the steady value when the exponential function equals 0.95 and thus
For the values used in this example, and with S S = 0.0001 m
, 95% of the steady value is reached after 0.02 days at a distance of one aquifer thickness from the well. At a distance of 10 times the aquifer thickness, it takes 2 days to reach 95% of the steady value. Hence, the approximation seems reasonable, but may cause small inaccuracies farther away from the well during later cycles.
Recovery efficiency as function of parameter D
It is important to note that the recovery efficiency is not a function of the length of the injection period. When the computations of Fig. 3 are repeated with an injection period of 150 days instead of 15 days, the recovery efficiency of the first cycle is still 43% and the recovery efficiency of the tenth cycle is still 75%. This conclusion is based on the fact that both the vertical velocity Eq. (17) of the interface and the radial velocity Eq. (21) are a function only of the dimensionless parameter D Eq. (16). This is confirmed by the numerical calculations.
The position of the interface after 15 days of injection is, of course, different from the position of the interface after 150 days of injection. It was shown that the vertical velocity is a function of the similarity variable u Eq. (19). This means that when the elevation of the interface is plotted against r 2 /t, the interface elevation at the end of an injection of 15 days is identical to the interface elevation at the end of an injection of 150 days, provided that the same value of D is used. This holds for the position during injection, storage, and recovery, and for every consecutive cycle. Hence, it is possible to compute a curve that represents the recovery efficiency as a function of the dimensionless parameter D, independent of the actual period of injection, but only dependent on the relative lengths of the injection, storage, and recovery periods. The physical parameters of the problem were varied over a wide range of reasonable values (Table 1) ; variation of the porosity is listed but has no effect on the recovery efficiency. Combination of the appropriate minimum and maximum values of these parameters showed that all possible combinations are covered when D is varied from 0.05 to 40,000. Values of D below 2.5 gave a recovery efficiency below 5% on the first cycle while values of D above 1,000 gave a recovery efficiency of more than 90%. Between these values, the recovery efficiency for the first cycle is plotted as a function of D with the solid line in Fig. 5 . The dashed line represents the recovery efficiency for cycle 5, and the line with short dashes the recovery efficiency for cycle 10.
Curves for cases that include a period of storage can also be computed, since the recovery efficiency is a function only of the parameter D. Curves were computed for the case that the injection period is followed by a 
A comparison to a transport solution
The presented solution is compared to one of the solutions presented in Ward et al. (2008) , abbreviated to WEA in this section, who performed a numerical study to investigate the effect of a layered aquifer on an ASR system. They did not perform an interface study, but solved the coupled flow and transport equations using the finite element method for radially symmetric cases. They stopped recovery when the salt concentration at the bottom of the well had reached a threshold value. The recovery efficiencies computed with the approach presented in this paper are compared to the values obtained by WEA, as reported in their Fig. 9 for the homogeneous case. This example concerns an aquifer with a thickness of 50 m, a hydraulic conductivity of 1 m/day, and a porosity of 0.3. The dimensionless density difference was only 0.002. The injection rate was 500 m 3 /day for 100 days, followed by a storage period of 165 days and a recovery period of 100 days with the same rate as used for injection. Once the threshold concentration is reached, the system remains idle until the end of the recovery period. The specified longitudinal and transverse dispersivities are 0.3 and 0.03 m, respectively. Calibration of variable density models of coastal aquifers to field data often lead to even smaller values for the dispersivity (e.g., Lebbe 1999). As the simulations by WEA are performed on a fixed two-dimensional grid, numerical dispersion is likely to occur as well, but was not reported.
The reported values yield a value of D equal to 100. For this value of D, the approach presented here yields a recovery efficiency for the first cycle of 52%, which is approximately equal to the value that may be read from Fig. 9 of WEA. For cycle 5, the approach presented here yields a recovery efficiency of 81%, which is significanlty higher than the 65% obtained by WEA. Cross-sectional plots of the results of WEA are presented in their Fig. 5 and show a significant effect of dispersion, as the transition zone is approximately 10 m thick. Whether this is caused by the specified dispersivity or numerical dispersion is unclear, but it seems likely that mixing is the major cause of the discrepancy between the two solutions.
One of the most interesting findings in WEA is that a numerical model with an equivalent homogeneous hydraulic conductivity value resulted in a recovery efficiency that is very similar to the recovery efficiency of the original layered system, even when the hydraulic conductivity contrast between layers was one or two orders of magnitude. This broadens the usefulness of the solution presented in this paper.
Conclusions
A new solution for radial Dupuit interface flow was presented to simulate the injection, storage and recovery of freshwater in saltwater aquifers. An equation was derived for the radial velocity of points on the interface Fig. 4 Position of the interface at end of injection phase (solid lines), at end of storage phase (short dashes) and at end of recovery phase (long dashes) for D = 20 for cycles 1, 5, and 10; the storage phase is equal in length to the injection phase as a function of the vertical coordinate and of time. The radial velocity is governed by only one dimensionless parameter D = Q/(kvH 2 ) and by the relative lengths of the injection, storage and recovery periods; the recovery period generally consists of a period of pumping until the toe of the interface reaches the bottom of the well screen followed by an idle period. Furthermore, it was shown that the vertical position of the interface can be written as a function of the similarity variable u = ρ 2 /τ. The practical meaning of these findings is that an ASR scenario of injection for 10 days, storage for 5 days and recovery for 10 days results in the exact same recovery efficiency as a scenario of 100 days of injection, 50 days of storage and 100 days of recovery, provided that the same value of D is used. The actual position of the interface after 100 days of injection is, of course, different from the position after 10 days of injection; however, they are identical when the elevation of the interface is plotted as a function of r 2 /t. Formulation of the problem in terms of the radial velocity as a function of the vertical coordinate and time allows for the use of a fixed vertical grid to obtain a numerical solution. The numerical solution is relatively straightforward when the highly non-linear differential equation is written in the form of the diffusion equation, and the pseudo-source and diffusion terms are kept constant during a time step. A predictor-corrector approach is used to obtain accurate values for these pseudo terms during a time step, which results in accurate volume balances and short computation times.
Graphs were constructed for the recovery efficiency as a function of the parameter D for several ASR scenarios. These graphs and the numerical solution are intended to be used as a screening tool to assess whether a specific ASR scenario results in acceptable recovery efficiencies. When acceptable values are obtained, additional modeling is warranted to assess the effects of other important factors such as mixing and chemistry.
In the main body of the paper, the vertical position of the interface is called η(ρ, τ) rather than ζ(ρ, τ), and the radial position σ(ρ, τ) rather than ρ(ζ, τ). Hence, the derivatives of ζ in Eq. (32) with respect to ρ and τ need to be replaced by derivatives of η with respect to ρ and τ. Similarly, derivatives of ρ with respect to ζ and τ need to be replaced by derivatives of σ with respect to ζ and τ. After these replacements, Eq. (32) may be converted directly into the first relationship of Eq. (20). 
The third relationship in Eq. (20) is obtained after the derivatives are replaced, as for Eqs. (32) and (33).
